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Problem

A model problem
Find the solution u(x,y) of the second order PDE

0 ou ou 0 ou ou
Ix a116x+a126y 3y a216x+a226y —agou+f =0,
for given a,q, a5, 8,1, 8y, 84, f @nd specified boundary conditions

Specific case (a;; = a,, = K, agg=a,,=a8,;=0)
0 k(?u N 0 k(?u N 0 9 0
dx \ Ox dy \ 0x f = j| V= l& i @

V-(kVu) =—f  Poisson equation )

> <2




V-(kVu)=—-finQ u=1donl, kou/dn+ p(u—1us,)=qonl,

Governing equations Essential BC Natural BC

Field of applications Primary variable u |Material constant k |Source variable f Secondary variable
g, Ou/ox, ou/oy

Heat Transfer Temperature T Conductivity k Heat source g Heat flow due to conduction
koT/on
Convection
h(T-T,)
irrotational floworan ™ ISICER e d \elocities
ideal fluid Density (o) Mass productione o0¥lox= -v oV¥/oy= u
\elocity potential ® o0dDIox = u od/oy = v
Ground water flow Piezometric head ® Permeability K Recharge f Seepage q = kod /on
(pumping, —f) \elocities
kodlox = —u kodloy = —v
Torsion of cylindrical Stress function ¥ k=1 f=2 G&oY/ox = - oy,
members with constant G = shear modulus 6 = angle of twist per G&Y/oy = o,
cross-section unit length
Scalar potential ®  Dielectric constant (¢) Charge density p Displacement flux D,
Magnetic potential ® Permeability (z) Charge density p Displacement flux B,

W e ailsa o et Transverse deflection Tension in member T Transversely Normal force g
elastic membrane u distributed load



Weak Form

d ou ou 0 ou ou |
_ a11a+a12@ + — a21a+a22@ —agou+ f =0, in Q

0x 0y
0 ou Ju 0 ou ou
fﬂ Wa a1la+a12@ +@ a21a+a225 —aoou-l—f dydx:O’
- J/ -
h'd
Fl FZ

[_(F1)+—(Fz)—a00u+f]dydx= 0



Weak Form

R

f T (F1) ‘|‘ — (Fz) — QgoU + f] dxdy = 0,

@ [— (Fl)] dxdy = j k(wﬂ} Fll dxdy

ou ou
I = a11a+ a12@

ou ou
F, = (121&"‘ (122@

Divergence theorem
v

— (WF})dxdy =% wF,n,ds
ax 1 - 17%x

Divergence theorem
v

— (WF,)dxdy = Fon,d



Weak Form

R

f Tx (Fl) + — (Fz) —agou + f

@ 7{ wFn,ds —
r

Q

ox

F1 dxdy
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@) j£ WFZnyds—J 3 — F,dxdy
r o 9Y
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Weak Form

R

f ax(Fl)‘l‘_(Fz)—aoou"‘f

@ 7{ wFn,ds —
r

Q

0
@ f WFZnde—J i
I' Q

0x

dy

F1 dxdy

Frdxdy

]dxdy =0,

R} — f agowudxdy
Q0

@ fﬂ wfdxdy

ou ou
I = a11a+ a12@

ou ou
F, = a21a+ (122@



Weak Form
ou ou

@ @ @ @P Fl_a110x+a120y

f I (Fl) + — (Fz) — QgoU + f] dxdy = 0, ou ou

F, =ap1 — FYe + Aoy == 9y

”@@@ 3 » @

F, — agowu] dxdy + f wFin,ds + f wk,n,ds + j wfdxdy =0
r r Q

. j ow 6u+ ou 6W 6u+ ou N dxd +] dxd
0 Ox allax a1zay 6y “Zlax azzay QooWu|axay QWf xay

~ Natural boundary
_|_f ou + ou + ou + ou ds|= 0 condition
- Winy, | A11 5 ax A12 5 ay ny a1 37 ax A2 5 ay S|= > qn




Weak Form

~

/

B(w,u) = l(w)

f ow 0u+ ou 0W 6u+ ou N dxd
o |ox allax a1zay ay a210x azzay QooWu|axay
Y
—B(w,u)

f Wfdxdy+f wq,ds|= 0
Q r

"
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ow ou du aw du u
fge ax \ 1 ox Ty dy 0)’ “215x TGy dy + agowu | dxdy

— f Wdedy -+ f w(qn, ds
Q¢ re

ue(x,y) = ) ¢fCey)us
=1
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Finite Element Model
f 6u+ Ju aw 6u+ Ju N dxd _f dxd +§ ]
oe EM a1 Ox A12 5 dy ay az1 Ox az2 dy QooWuj|axay = Qve xay i w(qn as

n
e, e

J=1

n )
0 0 0 0 0 0
2{[08[ i ( aiq ;fc] T ag 6?/]) Pi (a21 ;fc] + az; ;i/]) +a00¢fgbf] dxdy}u]e
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Finite Element Model

Specific case (a;; = a5, = k, a,y=a,, = a,,= 0): Poisson equation

n dp; a¢] 0¢; agb]? . ] e
Z:Une[ ( ) 6y( dy )]dxdy}”f = Qef¢idxdy+ 3 bf qn ds

J=1




Finite Element Model

Zkf, =0 == [KeIu) = () +(Q°)

n
e, e

J=1

 n
0 %, %, 0 0 0
Z{fge[ il ( a1 ;fc] ¢]> br (a21 ;fc] ¢]>+aoo¢ ¢]]dde}

Jj=1
@ fe ¢ldxdﬂ [ bi qn J
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Evaluation of boundary integral

Qi

- X

cbl qn d

q’)l CITL le qn

s + $; gy ds + ¢; gy ds
2—3 3—1

= Q=0 + Q2 +Qs3



Evaluation of boundary integral










Recall: 1D Element
f(x)

LT fif=1,) FOo¢f dx
1 2

y L.f Element/ Local
coordinate

q, (s)




Evaluation of boundary integral
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Recall

d ou ou d ou ou
Strong Form it el _
Y <a11 0x+a12 6y> 6y<a21 0x+a22 0y> agou + f =0,

ow ou ou 6W ou ou
Weak Form fﬂ a a1 a + a1y — ay ay aAr1 — O + ayy @ + AgoWu dXdy

=f Wfdxdy+j£ wq, ds
Q r

Vv

, qnonly

)/_,_ LLUT, =T R =n,d+n,j

Q N\ ay ay
& AN [, NIy =0 An = qxNx T qyNy
uonly,

B X




Recall

Strong Form

9] ou N ou 6 ou N ou CFo
ax all ax a12 ay ay a21 ax a22 ay aOOu f -

Weak Form and Finite Element Model

~
Tl
9 d ¢ d¢ d¢?¢ oM d¢
Z{jﬂe[ l( 11 axj ])+ ayl <a21 ij y]>+a00¢f¢1¢]dxd3’}uje
=1 J
S n A
n
j=1 \j=1 J
i ot

K°TweY = {7} + (Q°)




Recall

Specific case (a,; = a5, = Kk, a55= a,, = a,,= 0): Poisson equation

\ 0pi a¢f Ipi aqu? e e e
ZUQ[ ( ) 0y ( W)] dxdy}uj = Jo S Pyt Pinds

j=1

[Kelu) = 1f 3 +1Q°}

[Ke]=J BeTCB?dxdy ¢=[¢ O
Qe

0 k
0p; J0¢; Jore
ge _ | 0x  0x " Tax n = number of nodes
|09 093 dobr,
L dy 0y dy |



Recall

Specific case (a,; = a5, = Kk, a55= a,, = a,,= 0): Poisson equation

n 0p; a¢] 0p; 6q5]‘r’ . , .
Z{fgl ( ) 0y ( W)] dxdy}uj = Jo S Pyt Pinds

Jj=1
[Keu®} ={f°} +1Q°} 0p1 097 0d3
3 Be — dx Ox  0Ox (u} = >

Kel = eTrRpe [k O a('bf a(,bg a¢§
K JQeB CBlaxay €=l 4 Ldy dy 0y

0¢F 995 g () Q
e _|0x Ox 0x €1 = < > el —
o T 1 , {9 ; (0} g

2y oy 3y \J3 J \




Recall

Specific case (a;; = a,, = K, a55=

a,, = a,,= 0 ): Poisson equation

2 6</>l 0p; , , ]
dxdyu; = | fé;dxdy+ ¢ ¢;qnds
j=1 ¢ Iy ¢ re
[Ke1{u} = {f¢} + {0} ) 09f 095 005 095
3 Be = 0x 0x dx dx
Lo 0 095 0995 05
[K¢] = JﬂeBeTCBedxdy C = 3 oy 9y oy
1 2
e | Ox  0Ox d0x e e e
B AT wey={"4 =124 =1
L dy  dy dy | us f3 Q?;
kufﬂ kf4ej \Q4



V-(kVu)=—-finQ u=1donl, kou/dn+ p(u—1us,)=qonl,

Governing equations Essential BC Natural BC

Field of applications Primary variable u |Material constant k |Source variable f Secondary variable
g, Ou/ox, ou/oy

Heat Transfer Temperature T Conductivity k Heat source g Heat flow due to conduction
koT/on
Convection
h(T-T,)
irrotational floworan ™ ISICER e d \elocities
ideal fluid Density (o) Mass productione o0¥lox= -v oV¥/oy= u
\elocity potential ® o0dDIox = u od/oy = v
Ground water flow Piezometric head ® Permeability K Recharge f Seepage q = kod /on
(pumping, —f) \elocities
kodlox = —u kodloy = —v
Torsion of cylindrical Stress function ¥ k=1 f=2 G&oY/ox = - oy,
members with constant G = shear modulus 6 = angle of twist per G&Y/oy = o,
cross-section unit length
Scalar potential ®  Dielectric constant (¢) Charge density p Displacement flux D,
Magnetic potential ® Permeability (z) Charge density p Displacement flux B,

W e ailsa o et Transverse deflection Tension in member T Transversely Normal force g
elastic membrane u distributed load



Example 1: Heat Conduction Problem V. (kVT) = —f

D(22,1) §,=-15Wm™! C (2,1) k=7wOC1




Step 1: Discretization

3(0,1) 4 (2,1)

1(0,0)



Step 2: Element Equation

(0,1) 4(2,1)
3 3 2
1 — 2 — 3 Element node number
(0,1) 3 2 — 4 — 3 Global node number
3 2
(2,0.5)

2
2

(2,0.5)

1 — 2 — 3 Element node number
1 _— —_—
(0,0) 1 — 2 — 3 Global node number



Recall: Shape Function For 3-Node Triangle

Polynomial approximation
u(x,y) =cy + c,x + c3y

(x3,v3) _ 3

1oxf yi]T (ul)
u(x,y) ={1 x y}1 x5 y5| <us;
1 x3 y3;| \uz)

1
¢1 = VT x3ys —x3y; + (y3 —y3)x + (x5 — x3)y}

J =

X1 —X3 Y1—)Y3 _ 1
% ey b5 = 55 SyE —xEyS + 0% — yDx + (ef —x§)y)

1
24¢ = |J ¢35 =g txiys —x3y1 + 01 —y2)x + (63 — x7)y)




Example 1: Heat Conduction Problem

(Xg,yg) Bug [Ke]{ue} — {fe} + {Qe} [Ke] = jﬂeBeTCBedXdy

0¢f 995 0¢S
e k 0O 1 0
uz B¢ = d0x 0x 0x C = — k
y1 (5, 75) 0bi 095 095 o d=Ho
| dy dy dy |
ug
17(x8, y¢ 1
o) 05 = o esys — x§¥5 + 05 — yDx + (x5 — x5)y)
X
X1 —X3 Y1—Y 1
3= e ] b5 = ooz (KyF — xEy§ + O — yD)x + (xf — x5y}

1
24¢ = |J ¢35 =g txiys —x3y1 + 01 —y2)x + (63 — x7)y)




Example 1: Heat Conduction Problem

(Xg,yg) Bug [Ke]{ue} — {fe} + {Qe} [Ke] = jﬂeBeTCBedXdy

0¢1 0¢; 0¢3

e k 0 1 0
u e | 0x dx  Ox C = — k
2e e B* = op; d¢p5 03 0 k [0 1
1 (x5, ¥5)
| dy dy 0y
e
Y geo 1+ [02-y5) (s-yi) Of-y3))] ™
LG, i) 24° L(x3 —x3) (xf —x3) (x3 —x1)I Constant
X Recall: Constant strain triangle

j= X1 —X3 W1 —3’3]

X2 —X3 Y2 — Y3

[K¢] = j B¢TCB®dxdy = B¢TCB® | dxdy = A°kB¢'B¢®
0e Qe

2A° = |J|



Step 2: Element Equation (Coefficient Matrix [K®])

1 _[-0.25 0.5 —-0.25
1 1y —y3) (s —y1) Of—ys) [B]—[ 1 ]

Be — -1 0
24 1(x§ —x3)  (xf —x§) (x5 —x%)
j=[0 -1
0,1), 12 -05
3
Al = 1|J| =1
2
22 [K'] = A'kB'TB?

74375 —0.8750 —6.5625]1
1 [K'] =-0.8750 1.7500 —0.87502
(0,0) —6.5625 —0.8750 7.4375 13



Step 2: Element Equation (Coefficient Matrix [K®])

1 1(ys —y3) (s —yi) Of-—vy5)

B =
24¢ 1(x5 —x5) (xf —x3) (x5 —x{)
J = [2 —0.5
2 0
3% 2 A1::§¢J|=()5

2 4 3

14 —14 0 2
[K?] = |-14 14.8750 —0.8750| 4

0 —0.8750 0.87501 3



Step 2: Element Equation (Source Term {f ¢})

(0,1) 4(2,1) {fé}= Qefcl)iedxdy
33 Z

For the given problem f = 9W/m?

2

1),
1 €} = ¢dxd
208)  UI=1) eidxdy

(2,0.5)

0,0



Evaluation of boundary integral

3




Step 2: Element Equation (Source Term {f ¢})

(0,1) 42(2,1) {fe} = Qefcl)iedxdy

For the given problem f = 9W/m?

2 o , _fAe 1
1(2,05) {f }_f Qe¢idxdy — 3 {1}

1
1 (1 3) 1
L, o2
(2,0.5) 1 3) 3



Step 2: Element Equation (Boundary Flux Term {Q ¢})

(0,1) G, = —15Wm™1 4(2,1)
2

; {Q°}=¢ o¢iands
3

l"e

A\

dn =0

0,1
D, ,

1
(2,0.5)

2
2
(2,0.5)
1 o
1 13 =10; 2 {Q2}={—15}4
(0,0) {Q} {0}3 —15) 3



Step 3: Assembly of Element Equation

(0,1)
33

(0,1)
e

0,0

12
(2,0.5)

4 (2,1 17 —
2( )[K]_l

 7.4375
—0.8750
—6.5625

14
[K?] = l

1

7.4375
—0.8750
—6.5625

2

—14 14.8750 —0.8750
0 —-0.8750 0.8750

2

—0.8750

15.7500

—0.8750
—14

—14 0 ] 2

2 3

1.7500 —0.8750
—0.8750 7.4375

—0.8750 —6.5625]

4 3

4
3

3 4
—6.5625 0

—0.8750 —14
8.3125 —0.8750

_ W N =

—0.8750 14.8750.

1
2

3



Step 3: Assembly of Element Equation

3\1 ) 1.5) 2
1) =11.5
o weffi e-f
33 (1Y (3)1
4.5 2
(0,1)3 2 {f}=<2>=<4'5>3
3 1(2 0.5) \f1) \1.5) 4
0) 1 0 ) 2
2 '} = {0} 2 {Q°} = {—15} 4
2 0) 3 —15) 3
2,0.5
( ) Q1) (0 ) 1
B @={3t=1-1s( 3
(0,0) \Q,) \~15) 4




Step 3: Assembly of Element Equation

3

4

[ 7.4375
—0.8750
—6.5625

—0.8750

15.7500

—0.8750
—14

—6.5625 0
—0.8750 —14
8.3125 —0.8750
—0.8750 14.8750.

’

(3)
4.5
4.5

\1.5/

(0 )

—15

>+ 9

\—15/




Step 4: Imposition of Boundary Conditions

3

4

[ 7.4375
—0.8750
—6.5625

0

—0.8750

15.7500

—0.8750
—14

—6.5625 0
—0.8750 —14
8.3125 —0.8750

—0.8750 14.8750.

4.5
—11.5

il

\—13.5/




Step 5: Solutions

3 4

" 74375 —0.8750 —6.5625
—0.8750 15.7500 —0.8750!
—6.5625 —0.8750 8.3125 '

0 ~14  —0.87501

14.8750.
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4 )
Iso-parametric n
formulation

\

Parent
Element

Parametric domain

[-1,1] x [-1,1]
Physical (&¢,7m) natural coordinate
Element

> X
Physical domain



Iso-parametric Formulation: Concept
Iso Equal/ Similar

Parametric [Expressing in terms of
L " parameters

Expressing What?

< Ans: Field variables and geometry
|so-parametric

Expressing in terms of similar parameters

n (1,1)

(—1,1) (1,-1)

Physical
Element

Parent
(—-1,-1) Element



Iso-parametric Formulation: Concept
n

u(x¢,y®) = z cus |so-parametric
' Expressing in terms of similar parameters

) =1 J
n (1,1)
$
(-1,1) (1,-1)
Physical
Element Parent



Iso-parametric Formulation: Concept
n

u(x®,y®) = ) ¢/ mui  Iso-parametric
- Expressing in terms of similar parameters

' Ty -t

AR

x® = zn: (&, mMxi  ye = Zn: ¢ (&, my;
i=1 '

y 3
\/ x
(-1,1) (1,-1)
Physical
Element Parent

(—-1,-1) Element



Parent
Element

> X

Physical
Element




Physical
Element

2 Parent _
3 Element




= Zn: ¢i(€,m, Oxf
i=1

y© ;d) &0,y

Parent : .
Element \ =1 y, Physical
Element




Unigueness

y
\/ X
Physical
Element

(-1,-1) Element



UniqueHESS

n
4 7

1 %



Recall: Poisson equation

. 09t (095 , 99 (, 045 o e e
E{Jﬂe[ ( ) dy ( dy >] dxdy}uj - Qef¢i dxdy + - ®i qn ds

J=1

[Klu} = ¢} +1Q°)

[Ke]=j B¢'CB¢dxdy C_[k 0
Qe

0 k
07 0¢3 Jore
. |ox ox = ox n = number of nodes
B*=lage ags  agg
L dy 0Oy dy .




Iso-parametric, Super-parametric and Sub-parametric



Iso-parametric, Super-parametric and Sub-parametric

|so-parametric Super-parametric Sub-parametric

e Nodes for approximating geometry

/\ Nodes for approximating field variables
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Example 1: Heat Conduction Problem V. (kVT) = —f

D(22,1) §,=-15Wm™! C (2,1) k=7wOC1




Step 1: Discretization

1(0,1) 4 (2,1)

2(0,0)



Step 2: Element Equation

1(0,1) 4 (2,1)

(2,0.5)

2(0,0)

B =

0p1(x,y) 0¢3(x,y) 0¢3(x,y) 9¢i(x,¥)

dx dx dx dx
AP (x,y) 0¢3(x,y) 0¢3(x,y) 0ds(x,y)

dy dy dy dy

[KCRTC} = ) +1Q°}

[K¢] = f B¢TCB®dxdy
Qe

(fy=| fepsdxdy

Qe

{Q°} =9 ¢iq;ds

l"e

c=k[é (1)



Recall: Isoparametric Formulation

(x5, %) (x3,73) - 4 4
ad; ad;
Element ox | -1 ) 0¢ 1 = | =1 i=1
— —_ i, ao;
1 2 0y 0N, z an X an
(x1,y1)  (x5,y5) Li=1 i=1
> X
A ﬁ
r 7 ) $:1 () =1A-8§)1A—n)/4
il I v Z plEmxs b2(5,m) = (1+E)(1—n)/4
4
- ¢3(&,m) =1+ +n)/4
Parent 6 ye = (pi(gr n)yle ’
Element N t=1 J P (&) =(1-8EA+n)/4

1
(-1,-1) (1,—1)




1

Fx,y)dQ = I = f f 3G, I, m)dedn

1

Recall: Integration Over Quadrilateral Domain

S
=
7
>
=
ol

Element

> X

1 &=-1

n=-

1=
Qe

=1

Ngp Ngp
1j

=>[= zz Wiw;|3(&n;)|f (§imj)

i

__‘I--

-
'y

T

- 414

P Sy
e dee

| |

=
44
— ||
VA o
ﬂ_ng
i

i

_

=
<
— |
W a
— =
—{

i

_

=
=
L
M o
— =
i

i

_

-
1m1.
el
I
— O
—_ <
i



Step 2: Element Equation (Coefficient Matrix [K®])

|K¢] = f B¢TCB®dxdy C= k[(l) g
Qe K
11 ; -
-__+. _______ +__
Sk = [ [ 19EmIBeTE B @) dedn SN
P b
Ngp Ngp [‘Lnl] X_[—;,l]
= [K¢] = kz:z: W;w;|3(&,m;) BT (&, ;) Be(&,1m)) o

i=1j=1



Step 2: Element Equation (Coefficient Matrix [K®])

Physical
Element

Parent

Element

07 (x,y) 0p3(x,y) 0¢35(x,y) 0¢s(x,y)]
ox dx ox ox
0p1(x,y) 0¢3(x,y) 0¢3(x,y) 9IPs(x,y)
dy dy dy dy

(0 (0 \1/< 0p1 0¢ 0¢P3 0¢4]

0 . ) 0¢ e _ -1 98 0§ 0§ 0¢
ax>=[\]] 1< 9 . B (5)77)_[‘]] ! ad)l a¢2 a¢3 64)4

L9y L9 Ldn  on On Onl

G EM=0-8A-n)/4 d:3E&, N =>0+E1+n)/4
G, E.mM=0Q+8A-n)/4 ., ) =1=-E1+n)/4



Step 2: Element Equation (Coefficient Matrix [K®])

_ 007 (x,y) 0¢5(x,y) 0¢3(x,y) 9Ps(x,¥)]
Physical 0x 0x 0x 0x
Element e e e e

dp1(x,y) 0¢3(x,y) JdP3(x,y) 0dPsi(x,y)
dy dy dy dy

f6\1/< dpy 0P, 0¢p3 0Py

ot B Beem = O %6 0 08

n (1.1) o 0 0¢; 0¢y 0¢P3 0o,
(—}1,1) 3 9y o) Ldn on  On  On.
Parent
Elz:sgnt Be(f ) — [J]—ll 77_1 1_77 1+77 _77_1
& §lE—1 —&—-1 1+4& 1-¢




Step 2: Element Equation (Coefficient Matrix [K®])

4(x2,yf) ;xg,yg) (Ajl’l) N (1’31) i o i
A Physical X;
Element _li=1 ¢ i=1
S PP
Parent i e
1 2 X
(x5, 98)  (xg,v) . A , Zl n =
> X (—1,-1) (1,-1)
$1&En)=10-8)A—n)/4 0¢; 0¢y 03 0P4][xf i
] = 0§ o0& 9&  0¢ |[xz y3
¢, =0+ —-n)/4 dp; 0¢, 0¢s3 0du||xE yE
B3, = (L + (L +n)/4 -ononon 0n X s
Im-1 1-n 1+n -n-1
¢4 () =1 - +n)/4 “4lf-1 —&—-1 14+4¢& 1-¢

Y1 |
Y2
Y3
Va |




Step 2: Element Equation (Coefficient Matrix [K®])

1(0,1)

2(0,0)

1m—-1 1-75 1+7
=0=g[i21 5 1is

4 (2,1)

3

1 n—1
[”=ZL—1

—n—-1
1-¢

NN OO

(2,0.5)

1—n

—&—-1 14& 1-¢

p—

0.5

(X1 Vi [0 17

X3 Y2|_10 0

X3 V3 2 05

xe yel 2 1.
X7 Vi

1+n —-n—-11{xf ;3
X3 Y3
X5 Vil

= [J] = [(1)

—0.375 + 0.1257
0.125 + 0.125¢



Step 2: Element Equation (Coefficient Matrix [K®])

1(0,1)

2(0,0)

= B° (¢,n) =

&

4 (2,1)

JI

~ |1

1—n

0 —0.375+ 0.1257

0.125 + 0.125¢

= —0.375+ 0.1257

1+n

N

—§—1 1+¢

1+n

—5—1 1+¢

—n—1

1-¢

—n—1
1-¢




Step 2: Element Equation (Coefficient Matrix [K®])

151 $i nj [Wi, Wj]
10U 4,(21) 1,1 | —1/43 | —143 | [1L1]
2,1] 1/V3 | —=1/V/3 [1,1]
1,2] —1/vV3 | 1/43 [1,1]
3 2,2] 1//3 1/4/3 [1,1]
(2,0.5)
13(§,n)| = —0.375+.0.1257
200.0) 1+¢
0,0 . 13- |m-1 1-n 1+n -n-1
BE&m =7 8 -1 —&—1 1+& 1-¢
Ngp N n—3
gp '*gp
K] =k W:W;|3(&:,m;) BT (&,m;) BE(€,m))

i

Il
[uxy
.
I
[y




Step 2: Element Equation (Coefficient Matrix [K®])

1(0,1)

2(0,0)

Ke =

1

[ 6.6635
—4.9135
—4.1731

| 2.4231

4 (2,1)

3

2

—4.9135
5.7885
2.4231

—3.2981

(2,0.5)

3

—4.1731
2.4231
9.1538

—7.4038

4

2.4231 |
—3.2981
—7.4038

8.2788 |

_ W N =



Step 2: Element Equation (Source Term {f ¢})

1(0,1) 4 (2,1) er=\| feoidxdy
Qe
i,j $ i nj (Wi, W]
; (1,1 ~1/v3 | —=1/43 1,1]
2,05) > | A8 | 1vs | L
1,2 -1/v3 | 1/V3 1,1]
2,2 1/4/3 1//3 1,1]
2.(0,0)
Ngp Ngp (1 Efi, nj%\ 3.75) 1
h2($im; 3.75( 2
e} = WW;|3(&i,m;j)| 3 > = {f°} = >
f f;; J‘ ( 77])‘ ¢3(€i»77j) 3.00 3
3.00/) 4
AR D)




Step 2: Element Equation (Boundary Flux Term {Q ¢})

1(01)  G=-15Wwmt 4 (2,1)

{Q°}=¢ ¢iqnds
re

gn =0

2 (0,0 (Q4 —15) 1
CHERYS ={ 0 }i
\ (4 —-15) 4




Step 3: Assembly of Element Equation

1(0,1)

2(0,0)
" 6.6635
—4.9135

—4.1731
| 2.4231

—4.9135
5.7885
2.4231

—3.2981

4 (2,1)

—4.1731
2.4231
9.1538

—7.4038

(2,0.5)

24231 |
—3.2981
—7.4038

8.2788 |

’

(3.75)
3.75
3.00

\3.00/

(—15)

g

\—15)




Step 4: Imposition of Boundary Conditions

1(0,1)

2(0,0)
' 6.6635
~4.9135

—4.1731
| 2.4231

—4.9135
5.7885
2.4231

—3.2981

4 (2,1)

—4.1731
2.4231
9.1538

—7.4038

(2,0.5)

2.4231 |
—3.2981
—7.4038

8.2788 |

(—11.25)
3.75
3.00

. —12




Step 5: Solutions

1(0,1) 4 (2,1)

T, = 12 _ 1.4495
782788

2(0,0)
C 6.6635 —4.9135 —4.1731, 24231 1(T1\ (—-11.25) (R;)
49135 57885 24231 | —3.2981|)T2( _ ) 375 [, )R |
—41731_ 24231 91538 | —7.4038])15{ ) 3.00_ | _|Rs
724231 T 32981 —7.403871 82788 I\T,) U 127) " (o,




Recall: Solution with CST
3 4

" 74375 —0.8750 —6.5625
—0.8750 15.7500 —0.8750!
—6.5625 —0.8750 8.3125 '

0 ~14  —0.87501

14.8750.




Recall: Integration Over Quadrilateral Domain

1) =10-8)A—-n)/4

y=| fe¢fdxd
v ﬂefd) - $,(E, ) =1+ —n)/4
: - (@2(8n) $3(E,n) =0+ +n)/4
sgev=r [ [ nemi{ % asan
Jo T #s(Em) ba(E,m) = (1 — (1 +n)/4
(e (P4 (€,7))
ngp—z
I f¢1(€i1r]j)\ -__;+ ______ i--
e b (¢0.7;)
>{f¢t=f1 W;W;[I($imj)] < > ! |
2.2 Wbl BN
AGEN) 1] % [—11]




Recall
[Kel{u®} ={f°}+{Q°}

[K¢] =J B¢TCB®dxdy
Qe

U= | fepidxdy

Qe

{Q°} =9 ¢iqsds

Physical
Element

Parent
Element

l"e
., . _
995 (x,y) 9$5(x,Y) 9P5(x,y) 9PE(x,y) N Pixe N Py
Be — e@x e@x e@x e@x ] = | = $ i=1 $
0p1(x,y) 0¢(x,y) 0d3(x,y) 0¢Pi(x,y) 4 0o, ki d;
l l
Oy Jy Jy Jy on on Y
=1 =1
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Finite Element Method

Week 8: Finite element formulation for 2D scalar field problems
Lecture 41: Computer Implementation

Biswanath Banerjee Amit Shaw

Associate Professor Associate Professor
Department of Civil Engineering Department of Civil Engineering
IIT Kharagpur IIT Kharagpur



Recall: Heat Conduction Problem V- (kVT) = —f

D(22,1) §,=-15Wm™! C (2,1) k=7wOC1




Recall: Heat Conduction Problem
; 4 1(0,1) 4 (2,1)

T=0

1 2(0,0)
T, = —0.90756 Ty = —14495



Recall:

(Xg,yg) Bug [Ke]{ue} — {fe} + {Qe} [Ke] = jﬂeBeTCBedXdy

0¢1 0¢; 0¢3

e k 0 1 0
7 (x, ) op; d¢p5 03 0 k [0 1
y X2,Y2
2 | dy dy 0y |

e

. geo 1+ [02-y5) (s-yi) Of-y3))] ™

(x7, y1) 24¢ 1(x3 —x3) (x{ —x3) (x3 —x7)] Constant
X Recall: Constant strain triangle

j= X1 —X3 W1 —3’3]

X2 —X3 Y2 — Y3

[K¢] = j B¢TCB®dxdy = B¢TCB® | dxdy = A°kB¢'B¢®
0e Qe

2A° = |J|



Recall:

(x3,y3) _ 3

(r}=| fogdxdy

Qe

For constant f

e (1
ey =rf [ ¢raxay =120
e 3 |,



Recall:

(x¢,vE) (x3,¥3)
4y 4 Physical 3
Element gp 9P
; [K¢] = kzz W;w;|3(&,m;) BT (&, ;) Be(&,1m))
L i=1 j=1
(xl;yl) (icz yZ) _xle yle_
x =1[n—1 1-=n 1+n -n-1j|x5 3
4 —&—-1 1+¢& 1-¢ [|x§ vyE
X; Vi
e n—- 1-nm 1+n —n-1
B*(&m) =1 4[ -1 1+§ 1-¢

Parent
Element

1
(-1,-1) (1,-1)
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